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Abstract

Including the von Mises, the Drucker—Prager and the Hill there are many material plastic models with the yield cri-
teria based on the quadratic yield functions. In this paper we study the associated plastic flow model with an anisotropic
yield criterion ¢'C~'o + 2V'e = 28, where ¢ is a suitable stress vector and V reflects the asymmetric yield strength in
tension and compression, and with an anisotropic elastic law ¢ = K¢ in the elastic phase. We first consider the term
¢'C ™o to be a strain-energy, which means that the anisotropic tensor C is positive definite and coincides with the elastic
tensor K. Under this additional assumption, we can prove that the governing equations of plasticity can be linearized in
a non-canonical Minkowski space. The internal symmetry of the plastic equation is a special orthochronous pseudo-
linear group SL(n, 1, R). A further variable transformation reveals a canonical Minkowski structure, of which the plas-
tic equation exhibits the proper orthochronous Lorentz group symmetry SOq(n, 1).

Then, we release the constraint by allowing the above C! to be free, which may be positive, non-positive or even
singular. For this case the plastic equation becomes highly non-linear. We approach this problem by converting the
non-linear constitutive equations to a Lie system X = A(X,#)X on a pseudo-Riemann manifold, where A € sl(n, 1, R)
is a real Lie algebra of the special orthochronous pseudo-linear group SL(n, I, R). The underlying space in the plastic
phase is a cone with the metric tensor indefinite having a signature (n, 1) and also dependent on the temporal compo-
nent. Based on these symmetry groups the exact solutions or the Cayley transform are developed, which can update
the stress point exactly on the yield surface at every time increment without any iteration. As numerical examples,
we calculate the stress responses for the Drucker—Prager and Hill models.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

In the study of engineering mechanical problems a substantial role is played by the constitutive relations
of elastoplasticity, to which many theoretical, computational and experimental contributions have been
made. To characterize the elastoplastic behavior of materials an important concept is the yield criterion,
which defines the elastic limit of a material under combined states of stress. For a pressure independent
material, the most widely used is the von Mises yield criterion:

Sijsij = 2‘C}2), (1)
where
Sij = 0y — 30wy (2)

is the deviatoric components of stress ¢;;, and 1, is the shear yield strength. In terms of g, the yield criterion
(1) can also be expressed as

(611 — 022)" + (02 — 033)" + (033 — 011)” + 6(0%, + 01, + 0%) = 6‘53 (3)

In the stress space, the above yield surface is symmetric to the zero stress point, and therefore is only
applicable to the isotropic materials, which do not need the directional requirement to describe the
deformation behavior. However, for the anisotropic sheet metals the deformed property is directional
with respect to the rolling direction of sheet plane, which in turn requires that the yield function does
not only deal with the directions of stress components but also involves the directional deformation
behavior. A yield criterion to describe the orthotropic behavior is first proposed by Hill (1948). An
orthotropic material has three orthogonal planes of material symmetry. The intersection of these planes
are the principal axes of anisotropy. Hill’s yield criterion when referred to these axes has the following
form:

F(O'22 — 0'33)2 + G(O’33 — 0'11)2 -I-H(O'“ — 0'22)2 + 2LO'§3 + ZMO'%T, + 2N0%2 = 1, (4)

where F,G,..., N are material constants of the current state of anisotropy.

Eq. (4) is a quadratic function of stress components, representing some kind of energy that governs the
yielding behavior of orthotropic materials. Hill’s yield criterion is an extension of the distortion energy cri-
terion of von Mises. However, the omission of the linear terms and the appearance of only differences be-
tween normal stress components in the yield criteria (3) and (4) imply the assumptions that the material
responses are equal in tension and compression and that the pressure does not influence the yielding
behavior.

Despite that there are many materials whose yielding behaviors are pressure sensitive and different in
tensile and compressive loadings. For example, a wide range of geotechnical materials including rock, con-
crete, and soil display a pressure-dependent yielding behavior and an inelastic volumetric dilatancy. About
these materials the Drucker and Prager (1952) yield criterion reflects such dependence on pressure:

(011 — 022)" + (022 — 033)* + (033 — o11)” + 6(07, + 013 + 033) = 6[t, — a(o11 + 02 + 033)], (5)

where 7, is once again the shear yield strength, and « is the frictional coefficient of material quantifying the
effect of hydrostatic pressure.

Ice is a columnar-grained crystal, which may be treated as an orthotropic material. However, as pointed
out by Reinicke and Ralston (1977) the strength of ice is sensitive to the hydrostatic pressure. Its tensile
strength is much smaller than its compressive strength. A modification of Hill’s yield criterion is thus pro-
posed by Reinicke and Ralston (1977):
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F[(O’zz — 0'33)2 —|— (0'33 — (711)2] +H(O’11 — 0'22)2 +2L[O’§3 + 0'%3] +2(F+2H)O’%2 +P(611 —|— 0'22) + Q(733 = 1
(6)

Egs. (5) and (6) both including the linear terms of normal stresses, describe materials with different tensile
and compressive strengths and predict a non-linear increase in shear strength with a confining pressure.
Motivated by Hill’s yield criterion and the results for solids with different tensile and compressive yield
stresses, Liu et al. (1997) have proposed the following yield criterion:

F(O’zz — 0'33)2 —+ G(O'33 — 0'11)2 +H(O’11 — 622)2 +2L(7§3 + ZMG%B) + 2NO’%2 = [1011 +JO’22 +K033 — 1]2,
(™)

and derived the formulae to determine these coefficients through the uniaxial tension—compression and sim-
ple shearing tests.

In this paper we are going to study the internal symmetry groups, the underlying spaces of the associated
flow models and the consistent numerical schemes with the following quadratic yield criterion in the plastic
phase:

6'C '6 4+ 2V'e = 25,, (8)
together with the rate equation
6 =K¢ 9)

in the elastic phase with its K positive definite. Here o is a suitable stress vector. Throughout this paper a
superimposed dot is a material time derivative, and a superscript t denotes the transpose.

As that done by Oller et al. (2003), it is not difficult to prove that the yield criteria (3)—(7) are all special
cases of Eq. (8), corresponding to different anisotropic tensor C~', eccentric vector V and material constant
S. The followings correspond to the yield criterion of Drucker and Prager (1952):

[1-3c? F =30 =302 0 0 0] M1
F-3 1-3¢ 5t=30> 0 0 0 1
-3 FL—-32 1-30¢> 0 0 0 1
cl=|2 " 27" 8 . V=30 | (10)
0 0 0 300 0
0 0 0 0 30 0
L 0 0 0 0 0 3] 0]
and S, = 37:5 /2. The followings correspond to the yield criterion of Hill (1948):
TH+G —-H -G 0 0 07
-H H+F —-F 0 0 O
-G -F F+G 0 0 0
-l — + . V=0, (11)
0 0 0 2L 0 O
0 0 0 0 2M 0
. 0 0 0 0 0 2N]
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and S, = 1/2. The followings correspond to the yield criterion of Reinicke and Ralston (1977):

([H+F —-H —-F 0 0 0 k3
-H H+F —-F 0 0 0 £
. —F -F 2F 0 O 0 g
C — s V = 2 5 (12)
0 0 0 2L 0 0 0
0 0 0 0 2L 0 0
L 0 0 0 0 0 2(F+2H)] L0
and S, = 1/2. And, the followings correspond to the yield criterion of Liu et al. (1997):
([H+G-I* -H-1IJ -G-IK 0 0 0] 77
-H-1J H+F-J* —-F-JKX 0 0 0 J
-G-IK —-F-JK F+G-K* 0 0 0 K
c'= © J +G , V= , (13)
0 0 0 2L 0 0 0
0 0 0 0 2M 0 0
L 0 0 0 0 0 2N L 0]
and S, = 1/2.
Let us investigate the property of C'. For the von Mises yield criterion (3) we have
[ 2 -1 -1 0 0 O T I a1 T
—1 2 -1 0 0 O (o))
-1 -1 2 0 0 O 19
c'= . e=| " (14)
0 0 6 0 O 073
0 0 6 0 g13
L 0 0 0 6_ L 12 i

The above C~! is singular and non-negative definite because the eigenvalues of C~' are 0, 3 (double) and 6
(triple).
The von Mises yield criterion (1) can also be expressed in another two forms due to sy, + s25 + 533 =0:

2 2 2 2 )

87 85 811822 + 853 + 813+ 85, =T, (15)
2 2 2 2

—S11522 — $22833 — 533511 + Sp3 + 813 + 51, =T, (16)

y

For Eq. (15) we have

11 0 0 0] (511 ]
1100 0 52
C'=10 010 0|, o=/|sn]|. (17)
00 010 S13
[0 0 0 0 1] 512
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Obviously, the above C~! is positive definite. But for Eq. (16) we have

0 -1 —1 0 0 0] 511 ]
Lo -1 000 m
ci_|"3 b0 000 o | (18)
0 0 0 10 0] sm |
0 0 0 010 s1a
L0 0 0 0 0 1] 515 ]

where C~! is not positive definite, because its eigenvalues are —1, 1/2 (double) and 1 (triple).

Even for the same yield criterion of von Mises, the above analyses indicate that representing the yield cri-
terion in different stress spaces may lead to different properties of C~'. The best choice seems Eq. (15) due to
its lower dimension and the positive definiteness of C~'. Two another non-positive examples are the Druc-
ker—Prager yield criterion, whose C ! as given in Eq. (10) has eigenvalues —942, 3/2 (double) and 3 (triple),
and the Hill yield criterion, whose C~' as given in Eq. (11) has eigenvalues 0, 2L, 2M, 2N and
F+G+H—(F+G*+H — FG— FH — GH)I/2 (double). Especially, the latter C" is a singular matrix.

In Section 2 we use the concept of strain energy to construct the asymmetric yield criterion (8) by restrict-
ing C = K to be positive definite and call it a strain-energy yielding model; otherwise, when K # C we call it
an anisotropic quadratic yielding model. For the strain-energy elastoplastic flow model specified in Section
3 we derive an on—off switch in Section 4, where the non-linearity of the plastic equation is shown. Even the
plastic equation is non-linear in the stress space we can transform it to a linear system in a non-canonical
Minkowski space in Section 5. Then, we further reduce the non-canonical linear system to a canonical one
in Section 6. In Section 7 we solve the numerical integration problems of the flow model under strain and
stress controls by employing a group-theoretic approach. For the elastoplastic flow model with a non-pos-
itive C™' (including the Drucker—Prager model and the Hill model) and with the elastic law (9) the inves-
tigation of its internal symmetry properties will be conducted in Sections 8 and 9.

2. Strain-energy yield criterion

The generalized Hooke’s law is
Oup :Koc[)’yégy&z OC,B,"/,& =1,2,3. (19)

Because «, f3, y, 0 take values over 1, 2, 3, there are 3* = 81 material constants for K,p,s. However, because
of &, = &5, by the definition of small strain, Eq. (19) yields the result that K,z,5s = K,5,. Also, for the non-
polar materials the stress tensor is symmetric, i.€., 6,5 = 0p,, and therefore K, 3,5 = Kp,,5. Consequently, we
have

Kops = Kpays, Kopys = Kopsy- (20)

Observing the symmetries exist between the two pairs of indices (o, f) and (7,d), we have 36 independent
elastic constants for K,g,s.
If we consider an infinitesimal volume element, the strain energy per unit volume can be written as:

oU = Ga/f&?x/g, (21)

where U is a function of the strain components ¢,5. Accordingly, if U= 6,4¢,5/2 = K,p,56p,5/2 is written
symmetrically in terms of the strain components ¢,5, Eq. (21) yields

oU
@68013 = O'dlj(Ssalg, (22)
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and thus,
ou

0—9‘/; aga/j ( 3)

Accordingly, Eqgs. (19) and (23) together with
2 2
oU _ o°U 7 (24)

681/56675 6875681/3
lead to

Kapys = Kyoup- (25)

Consequently, the symmetries of strain and stress tensors together with the postulated energy function lead
to the usual symmetries of the elastic tensor:

Kopys = Kpouys = Kopsy = Kys0p- (26)

For its most general case there are 21 independent components of K,g,s.

Under the COI'I'GSpOl’ldel’lCCS 011 <> 01, 022 <> 02, 033 <> 03, 033 <>04, 013 <> 05, 013 <> 0¢g, €11 <> &1,
£00 > &2, £33 <> €3, £03 <> &4, £13 <> &5, £12 <> &, and for the convenient manipulation we may convert the ten-
sor form (19) into the vector form by the above arguments of symmetry:

o1 Kin Kn Kiz K Kis K| |&a
02 Ky Ky Ku Ky K| |&
o3| _ K33 Kia Kis Kie | | & 27)
04 Ku Ky Kas | | &4
s Sym. Kss Kse | | &s
L o6 | L Koo | | €6 |
In terms of the stress vector ¢ the elastic strain energy can be written as
U=1¢K"o. (28)

Motivated by the strain energy and the results for solids with different tensile and compressive yield stresses,
we consider the following quadratic yield criterion:

2U +2Vie = 6'K '6 + 2Vie = 25,. 29
y

The basic requirement of this strain-energy based model is the positive definiteness of K~'. In addition
K ' we should determine S}, and V for the modeled materials. For example, the von Mises yield criterion (1)
can be written as

1
5 SiSij =

2 (30)

= |

with K ! = I¢/(2p) positive definite, S, = rﬁ /(2p) and V = 0 in Eq. (29), where u is the shear modulus of the
isotropic material. Because of s;; + 555 + 533 =0, it can also be written as
2

1 7
22 511 S Susn 4 85 sty sl = 5 (31)

from which we have
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_1 1 -

%W 0 0 O si1

11

u 2u 000 S22

K'=|0 0 5 0 0f, o=]s3]. (32)

0 0 0 2%[ 0 S13

0 0 0 0 4L S12

L 2u

The above K™ ! is also positive definite.

In Sections 3—7 we investigate the plastic flow properties for positive K~ in a suitable stress—strain space.
For example, for materials with the von Mises yield criterion, we can treat the flow model with the yield
criterion (31) and with the following anisotropic elastic law:

S o2 0 0 07[en
8§22 — %" 87" 0 0 O en
s =10 0 2u 0 O €3 (33)
S13 0 0 0 2u O e
S12 0 0 0 0 2ullen

in the deviatoric stress and strain spaces.

3. The flow model with strain energy as a yield criterion

Now, let us consider the following flow model:

E=i ¥, (34)
K6 =, (35)
(K'6+ V)i =g, (36)
f(e) <0, (37)
) =0, (38)
Jf(6) = 0. (39)

Depending on the number of non-zero stress components in above (and correspondingly the non-zero
strain components) which we consider for a physical problem, for example, the axial tension—-compression
problem, the biaxial tension—compression—torsion problem, etc., the dimensions » may be an integer with
1 < n < 6, and no matter which case we use n to denote the physical problem dimensions. In the above, K is
of order n X n, symmetric and positive definite; V is of order n; and S|, is a positive scalar. As can be seen,
K ™',V and S, are the coefficients of the yield function

f(6) =6'K'6 +2V'e - 25, (40)

as defined in Eq. (29). K~ is the compliance matrix; V is the eccentric point vector reflecting the asymmetry
of the yield surface in stress space; and S, is a specific strain energy at the yielding state. The yielding cri-
terion (29) is an extension of the strain-energy criterion by including the term of V, which accounts of the
effect of residual stress on the yielding behavior.
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A novel formulation for the elastoplasticity with the von Mises yield criterion (30) has been developed by
Hong and Liu (1999a,b, 2000), Liu and Hong (2000, 2001), Mukherjee and Liu (2003), and Liu (2001a,
2003a, 2004a,b). Then, Liu (2004c) and Liu and Chang (2004) extended these studies to the Drucker—Prager
model and convex plastic model. These authors explored the internal symmetry groups in the Minkowski
space of the constitutive models of perfect elastoplasticity with or without considering large deformation,
bilinear elastoplasticity, visco-elastoplasticity, isotropic work-hardening elastoplasticity, mixed-hardening
elastoplasticity, the Drucker—Prager plasticity model as well as a rather general flow model with the yield
function convex to ensure that the consistency condition is exactly satisfied at each time step once the com-
putational schemes can take these symmetries into account.

The models considered so far are all isotropic ones except the Drucker—Prager model and convex plastic
model. To construct an anisotropic model, recalling that the Minkowski space M"*! is a pseudo-Euclidean
space (with rank n + 1 and index n), we need only to generalize the pseudo-Euclidean space to a pseudo-
Riemannian space by specifying a non-canonical metric tensor:

K' V

=
A A A

)

where K, V and S, are used in the yield criterion (29). Note that in this generalization the inertia (namely,
the rank and the numbers of positive and negative eigenvalues) of the metric tensor remains unchanged
(compare the above metric with the canonical metric tensor (71) to be appeared in Section 6). As a conse-
quence we can embed the anisotropic strain-energy yielding flow model into an augmented linear system in
the non-canonical Minkowski space.

4. Switch for the mechanism of plasticity

Substituting Eqgs. (35) and (36) into Eq. (34) gives

K6+ (K'e+V)i=¢ (41)
which being taken inner product with ¢ and with KV respectively, lead to

'K '6+ (¢'’K'o + V')l = o't (42)

Vié + (V'e + V'IKV)1 = VK. (43)
The sum of Egs. (42) and (43) gives

6')K'6 4+ V6 + (6'K'6 4+ 2V'e + VIKV) . = 6'¢ + V'Ks. (44)
When the yield condition and consistency condition

'K 'c+2V'e =25, (45)

¢K'6+V'e=0 (40)
are satisfied, from Eq. (44) it follows that

g,/ =0'¢ + VK, (47)
where

g, = /25, + VIKV. (48)
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Thus, the straining condition ¢'¢ + V'K¢& > 0 and the yield condition o'’K 6 +2V'e = 28, are sufficient
and necessary for the plastic irreversibility 4 > 0. Considering Eq. (47) together with Egs. (37) and (38), we
obtain the following on—off switching criteria for the mechanism of plasticity:

' G VK
G=TEE YR80 if 'K o +2V'e = 25, and o' + VK > 0, (49)
9y
=0 if ¢'K'6+2V'e <28, or ¢'¢ + V'Ké < 0. (50)
Substituting the above J into Eq. (41) we obtain the two-phase governing equations:
KV)'s . : .
¢=Ks¢ - %(6 +KV) if 'K '¢ +2V's =25, and ¢'¢ + V'Ké > 0, (51)
y
6=Ké¢ if ¢'K'e+2V'e < 2S5, or 6'¢ + V'Ké < 0. (52)

As can be seen the elastic equation is easy to solve; however, the plastic equation is more complex for
appearing a quadratic term in Eq. (51). In the following we are going to reduce the non-linear plastic equa-
tion to a linear one through a group-theoretic approach.

5. Non-canonical Minkowski spacetime formulation

Let us define the integrating factor

Zo :=expi, (53)
and taking the product of it with Eq. (41) yields

K '206+ (K 'o + V)% = Z ¢, (54)
where

. . te + VIKé

o= Xoh = gg‘o&zs (55)

y

obtained from Egs. (49) and (53), was used.
Let us define

- [2]-[)

and call it the n + 1-dimensional augmented stress vector. Note that the components of the stress vector ¢
and the components of the augmented stress vector Z are indeed the non-homogeneous and homogeneous
coordinates of the same stress state. Two augmented stress vectors which only differ by a non-zero scalar
multiple represent the same stress vector.

Consider the following non-canonical Minkowski metric tensor:

K' Vv

G .= |
vVt 28,

: (57)

and then by Eq. (56) we have
2'Gx = 236'’K '6 +2V'e — 2] (58)
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Reminding 2y > 0 in Eq. (53), we may further distinguish two correspondences:
'K 'c +2V'e =25, <= X'92 =0, (59)
6'’K '6+2V'e < 28, <= 2'92 < 0. (60)

According to the above results, we can recast the model postulated in Egs. (34)—(39) to a model in the aug-
mented stress space of Z (see Appendix A):

k! v |d {%06} B { 0 sH%a
Vioo-2s |drel @ ] [—E 0

Y

} if 92 =0 and Z, > 0. (61)
Zo

Correspondingly, in the elastic phase we have
K v ]d [3{06}
vt =28, | de | %

y

0 & |[Zos] .. . :
- e if 292 <0 or X, = 0. (62)
0 VKé|| 2,

That the conditions of the above two equations hold are due to
1'Gx <0, (63)
Ao =0, (64)

which correspond to the inequalities (37) and (38), respectively.
Multiplying Eq. (62) by

K! Vv - B K- qifKVV‘K % (K- éKVV‘K)V (65)
\%A =285, iV‘(K — %KVV‘K) fql;
we get
d[Z 0 Kel[x
ala ]l oll7] <66>
dt Zo 0 0 X

Since the last row leads to 2, = 0, which means that 2, is a constant, the elastic equation ¢ = K¢ is recov-
ered after eliminating the ' in d(%Zy0)/dt = Z (K& obtained from the first row. On the other hand, rear-
ranging Eq. (61) with the help of Eq. (65) we get

X =BX, (67)
where

. L (qiz KVVK — K) e (K - éKVVIK);; | .
Lé 2 V(K - LKVV'K )

q

When compared with the plastic equation (51) it is obvious that the above plastic equation is linear and is
more easy to integrate. Even not so clear, the above state matrix B is indeed an element of the Lie algebra of
the special orthochronous pseudo-linear group SL(n, 1, R), since the trace of B is zero. However, it can be
reduced to a more simple form below.
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6. Reduction to a canonical form

The metric tensor % in Eq. (58) is not a canonical one; however, if we use

K (69)
-q, VK ¢,
it is easy to check that the following transformation holds:
PGP =g (70)
where
#= oy, ] o

is a canonical Minkowski metric tensor.
With the aid of the above transformation matrix given in Eq. (69) we can introduce a canonical aug-
mented stress vector

K12 K2y

X =P'%& = x (72)

01, q,

as a new variable. So we can obtain

X'Gx = X'gX (73)
due to Eq. (70), and simultaneously Eq. (61) reduces to

X = AX, (74)
where

1/2;

It is obvious that
Alg +gA = 0. (76)

By Eq. (74) the solution is more easy to derive than Eq. (67). Denote the fundamental solution by G(¢),
1.€.,

G()=A()G(),  G(0)=1,.,. (77)

From Liu (2001Db) it is known that G(¢) is an element of the proper orthochronous Lorentz group SO(n, 1),
since A(t) is a Lie algebra of so(n, 1), satisfying

G'(1)gG(1) =g, (78)
detG =1, (79)
G > 1. (80)

Thus, the solution of Eq. (74) can be expressed as
X(1) = [G()G ' (1)]X (1) V.11 € Lon, (81)
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where I, denotes a time interval within which plasticity is working. To elaborate, we solve Eq. (78) for the
inverse

G =gG'g, (82)
and partition G as
G G
G= {Go GS] (83)
s 0

Thus, the solution of X(¢) is
X(1) = (G()(G)' (1) - G()(GY)' (1) Gy(nGy(1r) — GL(HNG(n)
L GI()(GY) (1) = Go(1)(Gy)' (1) Gy(1)Gyln) — GJ(1)G (1)

By Egs. (72) and (84) the solution of % is found to be

- [ K7 6 RY] [E06G)0) - GG () Gyoan) - Gloeln
o gt @06 - do)n) G - Gueln)
K—l/2 K1/2V g[(tl)' (85)
len q,

Then, dividing the first row by the second row of the above solution we obtain ¢ in view of Eq. (56). The
other approach to the canonical form in Eq. (74) is given in Appendix B.

7. Numerical methods for the strain-energy yielding model
7.1. Cubic symmetry material

In the model simulation we only consider a cubic symmetry material for simplicity. For symmetry of the
cubic system, the determination of the reference coordinate system should correspond to the cubic system
axes [100], [010] and [001]. And, the stiffness tensor can be simplified in the easiest form:

(K1 Ky Kip O 0 0 T
K K 0 0 0
Ky 0 0 0

K- (86)
Ky O 0
Sym K44 0
L Ky |

For the cubic materials there have only three independent elastic constants in K. The other three constant
matrices needed in the above calculations are given as follows:

(F, F, F, 0 0 0 17
F F 0 0 0
K2 F, 0 0 0 (87)
VEu 0 0o |’
Sym. Ky 0
L VK]
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(Fy F4 Fq4 O 0 0 T
Fy Fq4 0 0 0
) F; 0 0 0
K/~ = 1 , 88
2= 0 0 (88)
1
Sym vl
i
L VK
[Fs F¢ Fg 0 0 07
Fs Fe 0 0 O
| Fs 0 0 0
K= L0 ol (89)
44
1
Sym K744 O
1
L Kaa
where
2vVKy — K K 2K —vK; — K K 2K
Fl o= VK 12+\/11+ 1z Py o= VK1 12+\/11+ 12
3 3 3 3
2 1 -1 1
F3 = + s F4 = =+ ,
3VKi — K, 3VKy + 2K, 3VKi — K 3VKn + 2K,
Fooo 2 n 1 ) B 1
> 3(Kn —Kn)  3(Kn +2Kp)’ ©T3(Kn —Kn)  3(Kn +2Kp)
7.2. Strain control
Consider a rectilinear strain path with a non-zero constant strain rate,
€ = constant # 0, (90)

and starting from g(¢1) at time ¢,. The constitutive response can be determined exactly, and it may be recast
to the form of Eq. (81) with the canonically augmented stress transition group in the on phase being

I, + M, %
G(t)Gil(tl) = [,Vl1 ) (91)
Tvill a
where
1/2. (a—1) t
V1 =K &, M1 = 5 VlVl, (92)
Vil
a = cosh[(t — 1)[|V1ll/q,], b :=sinh[(z —#)[[Vi]l/q,], (93)

and ||V,|| denotes the Euclidean norm of V;.
Substituting Eq. (81) into Eq. (72) gives

() =P'GH)G ()P X () Vit t) € Lon. (94)



2864 C.-S. Liu, C.-W. Chang | International Journal of Solids and Structures 42 (2005) 2851-2882

From Egs. (56) and (91) we get

[%(rk(r)} C[L+KPMEK 2 oMK (1- @KV +V; [2” o(mc(“)} (95)
Zol1) s ViK' at+omg ViKY L 2o(n) [
where
bPKVV]
_ DKWV, (96)
2T g Vil
bq K'*V
y:ﬁhWJ+KWMmWV—MMWV (97)
1
Dividing the first row by the second row in Eq. (95) we obtain
o(t) [L+ K'/’MK > - MoK "?|a(t)) + (1 — @)KV + V, (98)
q,|IVi|| aq,||Vi|| + bViK e (t;) + bVIK'?V '
This is the stress response in the on phase, while in the off phase it is replaced by
6(t) = o(t) + K[e(z) — &(s)]. (99)
Substituting Eq. (99) into the yield condition (29) we obtain a quadratic equation for ¢ — #;:
A(t—1,) +B(t—t,) +C =0, (100)
where
A = §'Kg,
B :=2¢'o(t;) + 2&'KV,
C:=do'(t)K 'a(t;) +2V'a(t;) — 25,.
Thus, we have
t if C=0and B = 0,
ton =4 1 —% if C=0and B <0, (101)

{4 YBMCB e 0 ),

24

Now, let us apply the above solutions to a certain example. The material constants used in the calculation
were K;; = 463000 MPa, K, = 161000 MPa, K4y = 109000 MPa, and S, = 0.25MPa. Fig. 1 displays a rec-
tangular strain path, the corresponding stress path and the stress—strain curves in the axial and torsional
directions under the strain inputs within two cycles.

For arbitrary specified strain path the above calculation method is also good to preserve the consistent
condition, since we can approximate the specified controlled-strain path by many rectilinear strain paths,
such that ¢ at each time step is a constant vector, and then we can calculate the next step response of 6(¢) by
Eq. (98) with a known o(;) at the previous time step.

7.3. Stress control

Eq. (51) can be rewritten as
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Fig. 1. The responses of strain-energy yielding model to an input of cyclic square strain path in (a), and (b) displaying its
corresponding stress path, (c) the cyclic axial stress—axial strain curve, and (d) the cyclic shear stress—shear strain curve.

K”d[hgﬂK”c+VM@@+KV)a (102)

y

where ® denotes the dyadic product, and ¢, was defined by Eq. (48).

In the plastic phase the stress control is not permitted; however, we consider the smoothing factor
technique introduced by Liu (2003b) into the new model, which allows plasticity to happen inside the yield
surface, such that from Eq. (102) we have

-1

i = K'6=K'l6+

1 K '6+ Ve
IL,-—K's+V)® (6 +KV
5( )@ ) 25, - 6K '6 —2V'e

=K '6+ K 'o+V] (103)

K 'c+V]
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From Eqgs. (34)—(36) the above last equality follows. The above equation is well defined by controlling the
stress in the range of 25, — ¢'K™'6—2V's > 0.
By inserting Eq. (41) for € into Eq. (47), and then using Egs. (40) and (48) we obtain
i (0) = 4 (o). (104)

Under the stress control in the range of /< 0 and the plastic loading condition with 7 > 0 from the above
equation it is obvious that 4 > 0 in the plastic phase. On the other hand, during the elastic phase the strain
is calculated by

g(t) = &(t) + K '[a(t) — a(11)], (105)

which is obtained by letting A=0in Eq. (103) and integrating the resultant from #; to ¢. Therefore, as the
original model is, the new model modified by a smoothing factor is thermodynamically consistent since
A > 0 in the plastic phase and /. = 0 in the elastic phase.

We consider a rectilinear stress path

o(t)=o(t;)+ (t—11)6 (106)
starting from an admissible stress point 6(¢;) at time #; with

6 = constant # 0. (107)
Substituting Eq. (106) into the yield condition (29) we obtain a quadratic equation for ¢ — ¢;:

Alt—1,) +B(t—t,) +C =0, (108)
where

A =6K's,

B:=26'K 'a(t;) +2V'6,

C:=d'(t)K 'a(t;) +2V'o(t)) — 28,.

Since o(¢;) is an admissible stress, we have C <0. Thus, solving Eq. (108) for 7 denoted by ¢’ we get

VB* —44C - B
=t +—m————. (109)
24
In order to be stress controllable we initiate the plastic mechanism at a much shorter time denoted by ¢,,,
t —r+’,_t‘fz+“32_4Ac_B (110)
on — ‘1 — t 2,0A ’
where we call p > 1 a smoothing factor.
Under the rectilinear stress path (106), Eq. (103) can be integrated to be
b 2ac — b’ .
(1) = £(0) — (O + K 'o(0)] + | 5o (1) + “C4C () |K 6, (111)
where
a:=2S,-2V'e(t;) — &'(t,)K 'a(1)), (112)

b:= —2V'é — 2¢'(,)K ', (113)
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c=-6K"'s, (114)

r(t) ==1nfa+b(t — ;) +c(t — 1,)’] — na, (115)
. <b+ VB —4ac) [b— N —4ac—|—2c(t—t1)}

ra(t) = In (116)

Vb —dac (b~ Vb —dac ) [b+ VB —dac + 21— 1)|

7.4. Ratcheting behavior

It is experimentally observed that an unsymmetric stress cycle will cause the cyclic creep of strain in the
direction of mean stress, also called the strain ratcheting behavior. In Fig. 2 we show some cyclic stress—
strain curves for the different initial pre-stresses o, as indicated but with the same K;; = 463000 MPa,
Ky, =161000MPa, K4y = 109000 MPa, S, = 0.25MPa and p = 2 for all cases. It shows that the new model
is able to reveal the strain ratcheting behavior; furthermore, it is observed that the symmetric stress cycle
with a zero mean stress gives no strain ratcheting as shown in Fig. 2(a) and (b), and more large mean-stress
leads to more large strain ratcheting as shown in Fig. 2(c)—(h).

The experimental uniaxial/multiaxial ratcheting tests of metals were conducted by many researchers,
for example, Jiang and Sehitoglu (1994a,b), Delobelle et al. (1995), McDowell (1995), Mizuno et al.
(2000), Kang et al. (2002a,b, 2004), Kang and Gao (2002) and references therein. The major observa-
tions for the most metal behavior are the ratcheting rate decreasing cyclically and then the stopping of
ratcheting.

The new model modified from a simple strain-energy yielding model was able to simulate the strain rat-
cheting behavior as shown in Fig. 2; however, the ratcheting was overprediction. How to remedy these de-
fects becomes importance for the new model. For this we turn our attention to the smoothing factor which
plays an important role in the modification, and about which we note that the smaller p is, the more close to
the original model and deviating from the aim of the description of the cyclic plasticity and the ratcheting
effect are. On the other hand, the larger p is, the more profound of the ratcheting effect is. In order to sup-
press the ratcheting and relaxation effects, and get a trade-off between these two tendencies we may decrease
the value of p from a larger value p, to a smaller value p; by letting

p(4) = pi+(pr — p1)exp(—k2), 1<p <p,<2 (117)

when the plasticity going on. Rather than the constant p used in the above simulations as shown in Fig. 2,
we supposed that the smoothing factor p is a scalar function of 4 calculated by

LG (118)
2 f(e(n))
which is a direct integration of Eq. (104) and the stress control (106) is permitted in the range of f{c) <0.
Under the material constants K;; =463000MPa, K;, =161000MPa, Ky = 109000MPa, and
S, = 0.25MPa, in Fig. 3(a) the uniaxial ratchetings under a mean stress ¢;, = 10 MPa and a stress ampli-
tude 200 MPa are compared for these by fixing p = 2 (dashed line) and by employing a scalar function for p
as defined in Eq. (117) with p; =1, p, =2 and k = 0.8. The latter result is shown by a solid black line,
which can be seen that the ratcheting rate decreases cyclically and the ratcheting tends to saturation grad-
ually. The total ratcheting strain is smaller than the former one that used p =2. To simulate the biaxial
ratcheting, the stress loading condition is a constant axial stress g1; = 10 MPa combined with an unsym-
metrical shear stress cycle of o1, with a mean stress 10 MPa and a stress amplitude of 200 MPa. The calcu-
lations show that the biaxial ratcheting takes place not only in the torsional direction but also in the axial

A1) = Mton) +
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Fig. 2. Under unsymmetric stress cycles the strain ratcheting behavior for the new model is shown for different mean stresses. Larger
mean stress renders larger strain ratcheting.

direction due to the non-zero mean shear stress and axial stress. However, the case with a fixing p =2
(dashed line) leads to the constant ratcheting rate in two directions and usually over predicts the ratcheting
strains. By using the same strategy as above with a variable smoothing factor we obtain a more reasonable
biaxial ratcheting behavior as shown by the solid black line in Fig. 3(b).
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Fig. 3. By employing a scalar function for the smoothing factor in the new model renders a more effective simulation of (a) uniaxial
and (b) biaxial ratcheting behaviors under unsymmetric stress loading conditions.

(b) &z

12

By adjusting the three constants p;, p, and k in Eq. (117) we may observe different ratcheting behaviors.
Although the replacement of the constant p by a scalar function p may increase a little computational bur-
den but its effect is increased remarkably. It deserves to note that our model includes no kinematic hard-
ening variables in the formulation. The description of ratcheting by the constitutive equations is usually
related to the kinematic hardening mechanism. Several experimental and numerical studies made on metals
have shown the inability of the classical kinematic hardening rules to describe the main ratcheting phenom-
enon. However, a correct simulation of the ratcheting phenomena is still one of the most difficult problems,
and there are more accurate and realistic but complex constitutive models that allow to simulate the rat-
cheting more appropriately, for example, Chaboche (1991, 1994), Voyiadjis and Sivakumar (1991, 1994),
Hassan and Kyriakides (1992), Ohno and Wang (1993, 1994), Jiang and Sehitoglu (1994a,b), Delobelle
et al. (1995), Corona et al. (1996), Xia and Ellyin (1997), Chaboche and Jung (1998), Taheri and Lorentz
(1999), Abdel-Karim and Ohno (2000), Ohno and Abdel-Karim (2000), Portier et al. (2000), Bari and
Hassan (2001, 2002). The above lists just reflect an active study of the ratcheting behavior, and the improve-
ments are still in progress.

8. Pseudo-Riemann manifold

In this section we consider an anisotropic flow model with a yield criterion (8) and an anisotropic elastic
law (9). Here we approach this problem from a different view about the plasticity with a quadratic yield
function. Accordingly, we have

6+ /K(C'o+V)=Kg, (119)

where the plastic multiplier / is subjecting to the following on—off switching criteria for the mechanism of
plasticity:
(C'e +V)'Ké

] — o (el t_ —1 tyr -
A= (C o VIK(C o1 V) >0 if 6'C 6+2Ve=2S,and (C 6+ V)Ksé >0, (120)
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2=0 if 6'C'6+2V'e <25, or (C"'6+V)'Ké <0. (121)

Substituting the above 4 into Eq. (119) we obtain the two-phase governing equations:

—1 IK.
s—Ki—— € OTVIKE gy
(Co+V)K(C '6+V)
if 6'C'6 +2V'e =25, and (C 'e + V)'Ké > 0, (122)
6 =Ké, if 6'C'6+2V'e <25, or (C'e+V)'Ké <0. (123)

As can be seen the elastic equation is easy to solve; however, the plastic equation is highly non-linear. In the
following we are going to reduce the non-linear plastic equation to a quasi-linear one through a group-the-
oretic approach.

We seek a variable transformation

6 =T(i)t—CV, (124)

where T(/) is an 7 X n matrix function of 1 to be determined below. For this equation we may consider two
cases. If V = 0, we just seek the transformation ¢ = T(4)7 such that ¢ can be computed from t without wor-
rying the property of C~'. However, for the case V # 0, the transformation (124) makes sense only if C ™" is
not a singular matrix; otherwise, the C in the above equation cannot be defined. In the below we assume
that C' is not a singular matrix. However, there are material models whose C~' are singular. For such
cases we can transform Eq. (119) into a suitable stress subspace, such that in this subspace the new C '
is not singular and the following method is still applicable.
By Eq. (124), Eq. (119) is changed to

T4+ A(T'T + T'KC'T)r = T"'K¢, (125)

where T’ means the differential with respect to 4. This stimulates us to set

T'T +T'KC'T =1, (126)
such that Eq. (125) becomes

t+ Jr = T 'K, (127)
where

T = exp[A(I, — KC )] (128)

is solved from Eq. (126) by subjecting to T(0) =1,.
In terms of 7 the yield condition (8) can be written as

TT'C 'Tr =g, (129)

via the map (124) with T given by Eq. (128), and also the J in Eq. (120) can be expressed by
‘T'C'Ké
o e (130
7T CTKC Tz

Let

Xy :=exp4, (131)

and thus Eq. (130) can be written as
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X,  oT'C'Ki

X, #TCKC Te 13
As a consequence, Egs. (127) and (132) can be arranged in the following quasi-linear system:

X = AX, (133)
where

x=[el =[] 139
and

A [0,, Uz] _ l szg"c—w T Ke] l 0, Tk (133

Ul o m 0 keI — 0

is really an element of the Lie algebra of the special orthochronous pseudo-linear group SL(#, 1, R), namely
A €5sl(n, 1,R). From Egs. (129) and (134) it follows that

X'gX =0, (136)

where

g = (137)

T'C'T 0
0 —qﬁ
is an indefinite metric. The pseudo-Riemann manifold endowed with a metric tensor g dependent on the

temporal component X, is known as the Robertson—Walker space in the special relativity theory; see
Liu (2003a, 2004c). Eq. (136) signifies an elliptical cone in the space X.

9. Numerical method for the anisotropic quadratic yielding model

The effective utilization of the time invariance property of plasticity models will help to capture the key
qualitative features, enhance the long-term numerical stability, and much improve efficiency and accuracy.
Hence, we would like to call the attention to its importance in the computation, except in a very few cases
where the exact solutions are available, by developing a group-preserving and consistent numerical scheme
for the anisotropic quadratic yielding model.

9.1. The Cayley transform

In order to develop a numerical method for the anisotropic quadratic yielding model, let us first prove
that the Cayley transform
Cay(tA) := (Ly; — tA) ' (I, +TA) (138)
gives us a SL(n + 1, R) group-preserving transformation for system (133). In above, 7> 0 is a real scalar.
For the A given by Eq. (135) through a lengthy calculation we can derive the following eigen-formula:

det(A — AL,.,) = (=)' [ — Ut UL (139)
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Thus, we have

det (I,H,l + TA) o det (TI,H_I) det (A + %IYH—I)
det(I,;1 — tA)  det(—tl,;) det(A —1L,,))

det (Cay(1A)) = det[(L,;; — TA) " (L4 4 tA)] =

n+1 1
det (A +11,

_ DT det(A+ “), (140)
det( - I,H_l)

which leads to, by means of Eq. (139),

(71)n+1[( r1 )n+l (—Tl )n—lUtle] _ l (141)
CORE Ol U1 V5

That is, the Cayley transform preserves the special linear group property, i.e., Cay(tA) € SL(n, I, R).
In terms of the Cayley transform the following numerical scheme for system (133) is available:

X(¢+ 1) = Cay(tA(£)X(£) = [Liy1 — tA(0)] ' [Lsr + TA(0)]X (L), (142)

where X(¢) denotes the numerical value of X at a discrete time step #,, A({) := A(¢,), and 1 is one half of the
time increment, t := A#/2 = (1,4, — 1,)/2. Let us recall that

det (Cay(tA)) =

L b 1 —ab)l to—
_ 1 (1 —a'b)I, +ba b (143)
a' 1 1 —a'b —a' 1
for arbitrary n-dimensional vectors a and b with a'b # 1. From the above equation it follows that
I 4 Pouo s ()
N R = UG = OAG)
L1 — TA(0)] = o) 1 . (144)
=20 () U, (0) =20 (U, (7)
Through some calculations we thus obtain
I+ 202U, (0 U (0) 27U, (¢)
T 1=2UN(OUy () 1-72UL (U, ()
Cay(rA(0)) = 22Ut (0) 142U (OUx (9) (145)
=0 ())U, (7) - r’U‘ OU,0)

Substituting it into (142) we obtain a numerical solution for system (133). Then, by means of Eq. (134) we
can calculate = forward step-by-step.
From Egs. (134), (142) and (145) we get

I+ 272U, (O US (0) 27U, (¢)
Xo(l+De(l+1)] | Tiavonn  2uon0 | [ Xol)T(l) (146)
Xo(£+1) o 2004 () 142U (OUa () Xo(0) |
=20 (005 (0) - I’U‘ O0,(0)
Dividing the first row by the second row we obtain
1
t(l+1)= 520 {[S1(O1, + 272U, (O U} (0)](¢) + 27U, () }. (147)
2
On the other hand, by taking the second row of Eq. (146) we get
S, (¢
Xo(£41) = X,(0) 2(0) (148)

Si(6)’
where

Si(0) =1 — UL (0)Uy(0), (149)
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Sy(€) := 14 UL (O)Uy(€) + 27U} (£)z(0). (150)
In terms of 4 by Eq. (131) we thus obtain
_ S>(4)
}”(€+1)_i(£)+lnSl(£)' (151)
The numerical schemes (147) and (151) can be re-expressed in terms of ¢ by the transform (124):
_J
6(£+1)_S2(€)_CV’ (152)
where
Si(0) == 1— U (0)Ké(0), (153)
Sy(0) :==2 — S;(¢) + 27U5(0)[a(¢) + CV], (154)
J(6) = 31 (0) + () + 5 (0), (155)
31(0) = S (OT(ALL)[s(¢) + CV], (156)
J2(0) = 2°T(AA(0))Ke(O) UL (0) [6(¢) + CV], (157)
J3(£) = 27 T(AL(0))KE(Y), (158)
in which Us; is a new vector defined by
Jy P
Us(0) = C Ke(l) (159)

[C'o(¢) + V]'K[C 'a(£) + V]

The matrix term T(AZ) in Eqgs. (156)—(158) can be calculated by the precise integral method of Zhong
(1994). Denoting the matrix H := I,, — KC™', the integration of T(AZ) = exp(A/H) is using a subincrement
to increase the accuracy:

exp(AAH) = [exp(Al/mH)]", (160)

where m = 27; for example for p = 20 we have m = 1048 576. In doing so AA/m will be a very small incre-
ment, and thus

exp(Ai/mH) = I, + T, := L, + AA/mH + (AJ/mH)’[I, + (AL/mH) /3 + (A)/mH)?/12]/2 (161)

would have the accuracy in the order of (AZ/m)*. By performing the decomposition

exp(AH) ~ 1, + T, = [L + T2 [, + T2, (162)

and repeating it p times we obtain exp(AZH). Then we can perform the following iterations to compute
T(AZ):

for (iter = 0;iter < p;iter + +)T, = 2T, + T,T,. (163)
When the circulation is ended we get
T(AJ) =1, +T,. (164)

The above Egs. (151)—(164) can be used to calculate the stress step-by-step forward. However, in order to
match the consistency condition during the plastic loading phase we can insert Eq. (152) for ¢ into the yield
condition (29), and solve it for S,(¢) to obtain
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53(6) = \/Jt(f—i— DC I+ (165)

9

With this new value of S,(¢) which being inserted into Eq. (152) we obtain a stress ¢ which is exactly located
on the yield surface. On the other hand by Eq. (151) we obtain a new 4, and from which the increment
AX(f) = A(£ + 1) — A() can be updated. In Fig. 4 we display the numerical procedures to update the stress
by enforcing the consistency condition.

Even the numerical implementation of these integration techniques into the commercial programs with
FE-code, such as ABAQUS, is not carried out here, we can expect that this study provides not only a dee-
per understanding of the mathematical structures of the plastic flow model with the anisotropic tensors K
and C~', but also the foundation of numerical solutions for the non-linear problems of plasticity. Given K,
C ! Vand S, the coefficients in the algorithms Eqs. (151)~(165) under a strain-driven program can be cal-
culated directly since they were derived explicitly, such that only a few simple calculations are needed in the
numerical implementation of the FE-code.

9.2. Numerical result for the Drucker—Prager yield model

For the case of C~! non-positive or g, = 0 the modification (165) is not applicable. However, we can still
apply the algorithms (151)—(164) to this case, to be shown below for the Drucker—Prager yield model as an
example.

For simplicity we consider an isotropic elastic law with

B B 0 000
oy Mt P50 000

K- | o5 % im0 0 0 (166)
0 0 0 2% 0 0
0 0 0 0 2u 0
0 0 0 0 0 2u]

where p is the shear modulus and v is the Poisson ratio. Corresponding to the C~! given in Eq. (10) for the
Drucker—Prager model, the C is found to be

X, () X+ +1) XO(Z)SQ(E)T*I(HCV) XO(K)S?(E)T*1 J(ZZ)
T be{Cay(A®) | - Sl()s ; ™ Sl()s eSQ()
X (L X, (E+1) X, 2(0) X, 5 (D)
= s )

*

t a
SQ(E):\/J (e+1)232 J(+1)
Yy

A

Fig. 4. A numerical procedure to enhance the consistent condition.



C.-S. Liu, C.-W. Chang | International Journal of Solids and Structures 42 (2005) 2851-2882 2875

[ 12021 _ 62241 _ 6241 ]

2702 2702 2702 O 0 0
- B - 00000

co |~ —%E 3 0 0 0] (167)
0 0 0 L oo
0 0 0 0 1o
0 0 0 0 0 !

By using the above K, C and C~! and V in Eq. (10) we can calculate the responses by Eqs. (151)—(164).
However, for the Drucker—Prager model C~! is non-positive definite, and we have g, =0 by Eqgs. (48),
(10) and (166), and hence the modification (165) is not applicable for this model.

Before that we need to determine the switch-on time under a rectilinear strain path with constant strain

rate. Substituting the elastic equation (99) into the yield condition (8) we obtain a quadratic equation for
t—1:

At —1) +B(t—1,) +C =0, (168)
where
A4 = $'KC'Ks,

B :=2¢'KC 'a(1)) + 2&'KV,

C:=d'(1)C 'a(t)) +2V'a(t)) — 25,.

Since C ! is not positive definite, we should consider three possible cases: 4 >0, 4 =0and 4 <0.If 4 >0,
we have

t if C=0and B > 0,
fon = l]*% if C=0and B <0, (169)
f + YEZMCE e o <,
If A =0, we have
C
ton =1 —E. (170)
If 4 <0, we have
1 if C=0and B > 0,
n+%2 if C=0and B <0,
fon = 1y if C <0 and Iy = 1y, (171)

to if C<0andt, <1,

where
B> —44C — B VB> —44C + B
1 ::tl+T’ 1y ::tl_Ta

and tyl < ty2-
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Now, let us apply the above scheme to a certain example. The material constants used in the calculation
were = 20.67MPa, v =0.3, 7, = 0.14848 MPa and « = 0.2. Fig. 5 displays a rectangular strain path, the
corresponding stress path and the stress—strain curves in the axial and torsional directions under two cycles
of the strain inputs. In Fig. 5(¢) we show the consistency error defined by ¢'C '6 + 2V's — 28, which as

0.03 — 1.4 —
3 2 -
=07 —
[a Y
8 0.00 — = -
w 4
o
0.0 —
4 1 -
-0.03 , I , | 0.7 , i , |
-0.03 0.00 0.03 -4 -2 0
(@) €11 (b) 011(MPa)
0 — 1.4 —
m 0.7 —
/C-G\ D—(
2 < -
a}
~— '2 ] bH
= 0.0 —|
o
0T ' | ' |
4 T [ T | -0.03 0.00 0.03
-0.03 0.00 0.03 €10
(c) €11 (d)
. 0.004 —
2
T 0.000 — 1
;Q-‘,) —
g
g -0.004 —
z
é —
-0.008 , i , i , i , |
0 20 40 60 80
(e) t(s)

Fig. 5. The responses of Drucker—Prager model to an input of cyclic square strain path in (a), and (b) displaying its corresponding
stress path, (c) the cyclic axial stress—axial strain curve, (d) the cyclic shear stress—shear strain curve, and (e) the consistency error.
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can be seen is small, but is not zero exactly. In the paper by Liu (2004c), some consistent schemes are avail-
able for the Drucker-Prager model but by another approaches.

9.3. Numerical result for the Hill yield model

As mentioned in Section 1 the C™! as given in Eq. (11) for the Hill yield criterion is a singular matrix.
Therefore, the numerical method developed in Section 9.1 seems not applicable. However this is not true,
since V for the Hill model is zero, and for such case we do not need C in Egs. (151)—(165). Below, we solve
the numerical integration problem of Hill model with the yield criterion (4) by expressing it in terms of the
deviatoric stresses:

F(Szz — S33)2 + G(S33 — S11)2 + H(S]] — S22)2 + 2LS§3 + 2MS%3 + 2NS%2 =1, (172)
which by s33 = —s1; — $2> can be rearranged to
(H + F +4G)s}, + (H + G+ 4F)s3, + 2(2G + 2F — H)sy 152 + 2Ls5; + 2Ms7; + 2Ns;, = 1. (173)

Thus, in the five-dimensional deviatoric stress space we have Eq. (8) with the followings

H+F+4G 2G+2F-H 0 0 0 s
2G+2F—H H+G+4F 0 0 0 52

c'= 0 0 2L 0 0 |, 6= |sn|. (174)
0 0 0 2M 0 S13
0 0 0 0 2N S

and V=0 and S,=1/2. Obviously, the above C ! is positive definite with the eigenvalues
[2H + 5G + 5F + (4H? + 25G* + 25F° — 16HG — 16HF + 14GF)/?)/2, 2L, 2M and 2N all positive. By
using the C~! in Eq. (174) and K = 2uls we can calculate the responses by Egs. (151)—(165).

When applying the above scheme to the Hill model we fix the parameters to be F = 1.535 x 107> 1/MPa?,
G=1.029%107°1/MPa%, H=1.711x10">1/MPa?, L =4.305x 107> 1/MPa?, M = 3.305x 107> 1/MPa>,
N =5.704 x 10> 1/MPa? and pu = 5000 MPa. Fig. 6 displays a rectangular strain path, the corresponding
stress path and the stress—strain curves in the axial and torsional directions under two cycles of the strain
inputs.

10. Concluding remarks

In order to give a unified treatment of the material plastic models with the yield criterion based on the
quadratic yield function, we divided them into two types: strain-energy yielding model and anisotropic
quadratic yielding model.

For the first type of the models the elastic tensor K in the rate equation ¢ = K¢ is also the anisotropic
tensor in the quadratic yield criterion: 6'K~'¢ + 2V'e = 2S,. We have proved that the plastic equation can
be linearized in a non-canonical Minkowski space, of which the symmetry group is a special orthochronous
pseudo-linear group SL(n, 1, R). However, we proposed two approaches to reveal its canonical Minkowski
structure, of which the plastic equation exhibits the proper orthochronous Lorentz group symmetry
SO,(n, 1). Numerical examples were given under strain controls and stress controls. For the latter case a
varying smoothing factor was used to reveal the ratcheting behavior with a decreasing rate per cycle and
a saturation of strain.
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Fig. 6. The responses of Hill model to an input of cyclic square strain path in (a), and (b) displaying its corresponding stress path, (c)
the cyclic (e11,s11) curve, and (d) the cyclic (e;2,515) curve.

Then, we consider the anisotropic quadratic yielding model with ¢'C'e + 2V'e = 28, by allowing the
C! to be positive, non-positive or even singular. The non-linear constitutive equations have been con-
verted to a Lie system X = A(X,#)X on a pseudo-Riemann manifold, where A € sl(n, 1, R) is a Lie algebra
of the special orthochronous pseudo-linear group SL(x, 1, R). The underlying space in the plastic phase is a
cone with the metric tensor indefinite having a signature (n, 1) and also dependent on the temporal compo-
nent. We proved that the Cayley transform is a Lie integrator preserving SL(n, 1, R), and a consistent
numerical scheme was developed to calculate the stress responses.
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Appendix A. The derivation of Eq. (61)
From Eq. (54) it follows that

K™ %(3{00) + V& = Xok.
Taking the inner product of Eq. (A.1) with KV gives

V‘%(%Oc) + VIKVZ, = Z,V'Ké.
Substracting it with 2Sy%'” 0, leads to

v % (Z00) — 285,20 = ZoV'Ké — (VIKVZ( + 28,20).
On the other hand, from Eq. (55) by inserting Eq. (48) for g, it follows that

VIKVZ, + 25,20 = Zoé'e + X, V'Ke.

Substituting it for the last two quantities in Eq. (A.3) we obtain
d .
Vl$ (2{06) — 2SV%0 = —étﬁg{().
We can combine Egs. (A.1) and (A.5) into a single Eq. (61).

Appendix B. Another approach to the canonical form

2879

In this appendix we propose another approach to the canonical form. The yield criterion (29) can also be

written as
[6+KV]'K'[6 +KV] = ¢,

where ¢, was defined by Eq. (48). This motivates us to define
7:=¢ + KV,

and write the yield condition to be
K 't = qf

At the same time, from Egs. (B.2) and (41) it follows that
t+ v = Ké.

The above equation together with Eq. (B.3) lead to

. T
i=ZE
7

Upon letting
Wy =&y :=expi,

(B.1)

(B.2)
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Eq. (B.5) can be written as

%, t'&
i =7 (B.7)
As a consequence, Eqgs. (B.4) and (B.7) can be arranged in the following system:
@ =BY, (B.8)
where
M a
W = ZO] = {’;j;ﬂ, (B.9)
and
[0, Ké
B:= q;zé‘ 0 (B.10)

is really an element of the Lie algebra of the special orthochronous pseudo-linear group SL(n, 1, R), namely
B € sl(n, 1, R). Eq. (B.8) is much simpler than that in Eq. (68). From Egs. (B.3) and (B.9) it follows that

Y'Y =0, (B.11)

where

0o - qﬁ

Koo ] (B.12)

is an indefinite metric tensor. Notice that # is a non-canonical Minkowski metric tensor, and also that it is
different from the non-canonical Minkowski metric tensor % defined by Eq. (57).
However, if we consider the following variable transformation:

% = QX (B.13)
with
K1/2 Onx
_ ! (B.14)
01><n q;l
from Egs. (B.8) and (B.10) we can derive Eq. (74) again with
1| 0, K%
— 0! — n
A:=Q 'BQ= o ek 0 (B.15)
The three variables %/, Z and X have the following relations:
I, KV
@Y = x = QX. (B.16)
01><n 1
As Z'(¢) in Eq. (85) we can obtain #/(¢) by Eqs. (B.13) and (84),
) K7 00, | | G(0(G)' (1) = Gy(1)(GY)' (1) Gy(1)Go(1) — G ()G (1)
O g, | [ GI()(G)' (1) — Go(1)(Gy)' (1) Go(1)Gy(nn) — GY(1)GY (1)
K71/2 0 n
x (1), (B.17)
01><n qy
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Then, dividing the first row by the second row of the above solution we can obtain 7 in view of Eq. (B.9),
and then ¢ by Eq. (B.2).
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